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We present a model based on the SU(3)C ⊗ SU(3)L ⊗ U(1)X gauge symmetry having an extra
T7⊗Z2⊗Z3⊗Z14 flavor group, which successfully describes the observed SM fermion mass and mixing
pattern. In this framework, the light active neutrino masses arise via double seesaw mechanism and
the observed charged fermion mass and quark mixing hierarchy is a consequence of the Z2⊗Z3⊗Z14
symmetry breaking at very high energy. In our minimal T7 flavor 331 model, the spectrum of
neutrinos includes very light active neutrinos as well as heavy and very heavy sterile neutrinos. The
model has in total 16 effective free parameters, which are fitted to reproduce the experimental values
of the 18 physical observables in the quark and lepton sectors. The obtained physical observables for
both quark and lepton sectors are compatible with their experimental values. The model predicts
the effective Majorana neutrino mass parameter of neutrinoless double beta decay to be mββ =
3 and 40 meV for the normal and the inverted neutrino spectrum, respectively. Furthermore, our
model features a vanishing leptonic Dirac CP violating phase.
I. INTRODUCTION
In spite of the experimental confirmation of the big accomplishments of the Standard Model (SM) in describing
electroweak phenomena, given by the discovery of the ∼ 126 GeV Higgs boson by ATLAS and CMS collaborations
at the CERN Large Hadron Collider (LHC) [1–4], there are several issues that the SM is unable to address. Some of
these issues are the Dark Matter problem, the fermion mass and mixing hierarchy and the neutrino oscillations [5, 6].
Furthermore, there are problems with the matter-antimatter asymmetry related with new phases responsible for CP
violation. Moreover, the SM does not explain the tiny value of the neutron dipole moment. Because of these reasons
it is necesary to consider an extension of the Standard Model. In particular, the observed the quark mass and mixing
pattern, which cannot be explained from first principles in the context of the Standard Model, is a clear indication
of physics beyond the Standard Model. On the other hand, the discovery of the Higgs boson opens the possibility
to unravel the Electroweak Symmetry Breaking (EWSB) mechanism and motivates to study extensions of the SM
having extra scalar particles that could provide an explanation for the existence of Dark Matter [7].
The lack of predictivity of the Standard Model Yukawa sector, motivates to consider extensions of the Standard
Model aimed to address its flavor puzzle. Discrete flavor symmetries are important because they generate fermion
textures useful to explain the three generation flavor structure, for recent reviews see Refs. [8–10]. These discrete
flavour symmetries have been employed in extensions of the Standard Model with the aim to study the fermion mass
and mixing hierarchy in order to address the flavor puzzle of the SM. Discrete flavor symmetries can arise from the
underlying theory, e.g., string theory or compactification via orbifolding. In particular, from heterotic orbifold models,
one can generate the D4 and ∆(54) flavor symmetries [11]. Furthermore, magnetized/intersecting D-brane models can
generate the ∆(27) flavor symmetry [11]. Discrete symmetries may link the low energy physics and the underlying
theory.
Furthermore, another unaswered issue in particle physics is the existence of three generations of fermions at low
energies. The mixing patterns of leptons and quarks are significantly different; while in the quark sector, the mixing
angles are small, in the lepton sector two of the mixing angles are large and one is small. Models having SU(3)C ⊗
SU(3)L⊗U(1)X as a gauge symmetry, are vectorlike with three fermion generations and thus do not contain anomalies
[12–16]. Defining the electric charge as the linear combination of the T3 and T8 SU(3)L generators, we have that it
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2is a free parameter, which does not depend on the anomalies (β). The charge of the exotic particles is defined by
setting a value for the β parameter. Setting β = − 1√
3
, implies that the third component of the weak lepton triplet is a
neutral field νCR allowing to build the Dirac Yukawa term with the usual field νL of the weak doublet. By adding very
heavy sterile neutrinos N1,2,3R in the model, light neutrino masses can be generated via double seesaw mechanism. The
331 models with β = − 1√
3
provide an alternative neutrino mass generation mechanism and include in their neutrino
spectrum light active sub-eV scale neutrinos as well as sterile neutrinos which could be dark matter candidates if they
are light enough or candidates for detection at the LHC, if they have TeV scale masses. Having TeV scale sterile
neutrinos in its neutrino spectrum, makes the 331 models very important since if these sterile neutrinos are detected
at the LHC, these models can shed light in the understanding of the electroweak symmetry breaking mechanism.
Neutrino oscillation experiments [6, 17–21] show that there are at most one massless active neutrino and that
the different neutrino flavors mix. Neutrino oscillations experiments do not determine neither the absolute value of
the neutrino masses nor the Majorana or Dirac feature of the neutrino. Nevertheless neutrino mass bounds can be
obtained from tritio beta decay [22], double beta decay [23] and cosmology [24].
The global fits of the available data from the Daya Bay [17], T2K [18], MINOS [19], Double CHOOZ [20] and
RENO [21] neutrino oscillation experiments, constrain the neutrino mass squared splittings and mixing parameters
[25]. The current experimental data on neutrino mixing parameters suggests a violation of the tribimaximal symmetry
described by the Tribimaximal Mixing (TBM) matrix, whose predicted mixing angles satisfy
(
sin2 θ12
)
TBM
= 13 ,(
sin2 θ23
)
TBM
= 12 , and
(
sin2 θ13
)
TBM
= 0. To generate nearly tribimaximal leptonic mixing angles consistent
with the experimental data, discrete symmetry groups [26–35] are implemented in extensions of the Standard Model.
Another approach to address the flavor puzzle consists in postulating fermion mass textures (see Ref [36] for some
works considering textures). Moreover, models based on extended symmetries in the context of Multi-Higgs sectors,
Grand Unification, Extradimensions and Superstrings have been explored [8, 37–40] to provide an explanation for
the observed fermion mass and mixing pattern. Furthermore, in the framework of minimal 331 models, the discrete
groups require of an extra high energy scale, larger than the scale of breaking of the SU(3)C ⊗ SU(3)L ⊗ U(1)X
symmetry, and in some cases, new scalar fields need to be introduced at the very high discrete symmetry breaking
scale, with the aim to fulfill the irreducible representations of these discrete groups that allow to get viable fermion
textures at low energies, after the gauge and discrete symmetries are spontaneosly broken.
In this paper we formulate an extension of the minimal SU(3)C × SU(3)L × U(1)X model with β = − 1√3 , where
an extra T7 ⊗ Z2 ⊗ Z3 ⊗ Z14 discrete group (see Ref [35] for studies about the T7 flavor group) extends the symmetry
of the model and very heavy extra scalar fields are added with the aim to generate viable and predictive textures for
the fermion sector that successfully describe the fermion mass and mixing pattern. The obtained physical observables
in the quark and lepton sector are consistent with the experimental data. Our model at low energies reduces to the
minimal 331 model with β = − 1√
3
.
The content of this paper goes as follows. In Sec. II we describe the proposed model. Sec. III is devoted to the
discussion of lepton masses and mixings. In Sec. IV, we present our results in terms of quark masses and mixing,
which is followed by a numerical analysis. Conclusions are stated in Sec. V. Appendix A provides a brief description
of the T7 discrete group.
II. THE MODEL
A. Particle content
We consider a SU(3)C ⊗ SU(3)L ⊗ U(1)X ⊗ T7 ⊗ Z2 ⊗ Z3 ⊗ Z14 model where the full symmetry G is spontaneously
broken in three steps as follows:
G = SU(3)C ⊗ SU (3)L ⊗ U (1)X ⊗ T7 ⊗ Z2 ⊗ Z3 ⊗ Z14
Λint−−−→
SU(3)C ⊗ SU (3)L ⊗ U (1)X
vχ−→SU(3)C ⊗ SU (2)L ⊗ U (1)Y
vη,vρ−−−→
SU(3)C ⊗ U (1)Q , (1)
where the hierarchy vη, vρ ≪ vχ ≪ Λint among the symmetry breaking scales is fullfilled.
The electric charge in our 331 model is defined as:
Q = T3 − 1√
3
T8 +XI, (2)
3where T3 and T8 are the SU(3)L diagonal generators and I is the 3× 3 identity matrix.
Two families of quarks are grouped in a 3∗ irreducible representations (irreps), as required from the SU(3)L anomaly
cancellation. Furthermore, from the quark colors, it follows that the number of 3∗ irreducible representations is six.
The other family of quarks is grouped in a 3 irreducible representation. Moreover, there are six 3 irreps taking into
account the three families of leptons. Consequently, the SU(3)L representations are vector like and do not contain
anomalies. The quantum numbers for the fermion families are assigned in such a way that the combination of the
U(1)X representations with other gauge sectors is anomaly free. Therefore, the anomaly cancellation requirement
implies that quarks are unified in the following (SU(3)C , SU(3)L, U(1)X) left- and right-handed representations:
Q1,2L =

 D1,2−U1,2
J1,2


L
: (3, 3∗, 0), Q3L =

U3D3
T


L
: (3, 3, 1/3), (3)
D1,2,3R : (3, 1,−1/3),
J1,2R : (3, 1,−1/3),
U1,2,3R : (3, 1, 2/3),
TR : (3, 1, 2/3).
(4)
Here U iL and D
i
L (i = 1, 2, 3) are the left handed up- and down-type quarks in the flavor basis. The right handed
SM quarks U iR and D
i
R (i = 1, 2, 3) and right handed exotic quarks TR and J
1,2
R are assigned into SU(3)L singlets
representations, so that their U(1)X quantum numbers correspond to their electric charges.
Furthermore, cancellation of anomalies implies that leptons are grouped in the following (SU(3)C , SU(3)L, U(1)X)
left- and right-handed representations:
L1,2,3L =

 ν1,2,3e1,2,3
(ν1,2,3)c


L
: (1, 3,−1/3), (5)
eR : (1, 1,−1),
N1R : (1, 1, 0),
µR : (1, 1,−1),
N2R : (1, 1, 0),
τR : (1, 1,−1),
N3R : (1, 1, 0).
(6)
where νiL and e
i
L (eL, µL, τL) are the neutral and charged lepton families, respectively. Let’s note that we assign
the right-handed leptons as SU(3)L singlets, which implies that their U(1)X quantum numbers correspond to their
electric charges. The exotic leptons of the model are: three neutral Majorana leptons (ν1,2,3)cL and three right-handed
Majorana leptons N1,2,3R (A recent discussion of double and inverse see-saw neutrino mass generation mechanisms in
the context of 331 models can be found in Ref. [41]).
The scalar sector the 331 models includes: three 3’s irreps of SU(3)L, where one triplet χ gets a TeV scale vaccuum
expectation value (VEV) vχ, that breaks the SU(3)L × U(1)X symmetry down to SU(2)L × U(1)Y , thus generating
the masses of non SM fermions and non SM gauge bosons; and two light triplets η and ρ acquiring electroweak scale
VEVs vη and vρ, respectively and thus providing masses for the fermions and gauge bosons of the SM.
Regarding the scalar sector of the minimal 331 model, we assign the scalar fields in the following [SU(3)L, U(1)X ]
representations:
χ =

 χ01χ−2
1√
2
(υχ + ξχ ± iζχ)

 : (3,−1/3), ρ =

 ρ
+
1
1√
2
(υρ + ξρ ± iζρ)
ρ+3

 : (3, 2/3),
η =

 1√2 (υη + ξη ± iζη)η−2
η03

 : (3,−1/3). (7)
We extend the scalar sector of the minimal 331 model by adding the following eleven very heavy SU(3)L scalar
singlets:
σ ∼ (1, 0), τ ∼ (1, 0), ξj : (1, 0), ζj : (1, 0), Sj : (1, 0), j = 1, 2, 3. (8)
We assign the scalars into T7 triplet, T7 antitriplet and T7 singlet representions. The T7⊗Z2⊗Z3⊗Z14 assignments
of the scalar fields are:
η ∼
(
10, 1,e
2pii
3 , 1
)
, ρ ∼
(
10,1, e
− 2pii
3 , 1
)
, χ ∼ (10,1, 1, 1) , τ ∼ (11,−1, 1, 1) ,
ξ ∼
(
3,1, e
2pii
3 , 1
)
, ζ ∼ (3,1, 1, 1) , S ∼ (3,1, e 2pii3 , 1) , σ ∼ (10,1, 1, e− ipi7 ) . (9)
4It is noteworthy that the SU(3)L singlet scalar field τ is the only scalar odd under the Z2 symmetry and assigned as
a non trivial T7 singlet. This scalar field τ is crucial for explaining the hierarchy between the SM up and SM down
type quark masses.
In the concerning to the lepton sector, we have the following T7 ⊗ Z2 ⊗ Z3 ⊗ Z14 assignments:
LL ∼
(
3,1, e−
2pii
3 , 1
)
, eR ∼
(
10,1, e
− 2pii
3 ,−1
)
, µR ∼
(
11,1, e
− 2pii
3 , e
4ipi
7
)
,
τR ∼
(
12,1, e
− 2pii
3 , e
2ipi
7
)
, NR ∼
(
3,1, e−
2pii
3 , 1
)
, (10)
while the T7 ⊗ Z2 ⊗ Z3 ⊗ Z14 assignments for the quark sector are:
Q1L ∼
(
10,1, 1, e
2pii
7
)
, Q2L ∼
(
10,1, 1, e
pii
7
)
, Q3L ∼ (10,1, 1, 1) ,
U1R ∼
(
10,1, e
− 2pii
3 , e
2pii
7
)
, U2R ∼
(
10,1, e
− 2pii
3 , e
pii
7
)
, U3R ∼
(
10,1, e
− 2pii
3 , 1
)
,
D1R ∼
(
10,−1, e 2pii3 , e 2pii7
)
, D2R ∼
(
10,−1, e 2pii3 , e pii7
)
, D3R ∼
(
10,−1, e 2pii3 , 1
)
,
TR ∼ (10,1, 1, 1) , J1R ∼
(
10,1, 1, e
2pii
7
)
, J2R ∼
(
10,1, 1, e
pii
7
)
. (11)
Here the dimensions of the T7 irreducible representations are specified by the numbers in boldface. In the concerning
to the lepton sector, we recall that the left and right handed leptons are grouped into T7 triplet and T7 singlet
irreducible representations, respectively, whereas the right handed Majorana neutrinos are unified into a T7 triplet.
Regarding the quark sector, we assign the quarks fields into trivial T7 singlet representations. Note that SM right
handed quarks are the only quark fields transforming non trivially under the Z3 symmetry. Besides that, let’s note
that the right handed SM down type quarks are the only fermions odd under the Z2 symmetry. Furthermore, it
is worth mentioning that the SU(3)L scalar triplets are assigned to a T7 trivial singlet representation, whereas the
SU(3)L scalar singlets are accomodated into two T7 triplets, one T7 antitriplet, one T7 trivial singlet and one T7 non
trivial singlet. The SU(3)L scalar singlets T7 triplets are distinguished by their Z3 charge assignments.
With the aforementioned field content of our model, the relevant quark and lepton Yukawa terms invariant under
the group G, take the form:
− L(Q)Y = y(U)11 Q
1
Lρ
∗U1R
σ4
Λ4
+ y
(U)
12 Q
1
Lρ
∗U2R
σ3
Λ3
+ y
(U)
21 Q
2
Lρ
∗U1R
σ3
Λ3
+ y
(U)
22 Q
2
Lρ
∗U2R
σ2
Λ2
+y
(U)
13 Q
1
Lρ
∗U3R
σ2
Λ2
+ y
(U)
31 Q
3
LηU
1
R
σ2
Λ2
+ y
(U)
23 Q
2
Lρ
∗U3R
σ
Λ
+ y
(U)
32 Q
3
LηU
2
R
σ
Λ
+y
(U)
33 Q
3
LηU
3
R + y
(T )Q
3
LχTR + y
(J)
1 Q
1
Lχ
∗J1R + y
(J)
2 Q
2
Lχ
∗J2R + y
(D)
33 Q
3
LρD
3
R
τ3
Λ3
+y
(D)
11 Q
1
Lη
∗D1R
σ4τ3
Λ7
+ y
(D)
12 Q
1
Lη
∗D2R
σ3τ3
Λ6
+ y
(D)
21 Q
2
Lη
∗D1R
σ3τ3
Λ6
+ y
(D)
22 Q
2
Lη
∗D2R
σ2τ3
Λ5
+y
(D)
13 Q
1
Lη
∗D3R
σ2τ3
Λ5
+ y
(D)
31 Q
3
LρD
1
R
σ2τ3
Λ5
+ y
(D)
23 Q
2
Lη
∗D3R
στ3
Λ
+ y
(D)
32 Q
3
LρD
2
R
στ3
Λ
+H.c, (12)
− L(L)Y = h(L)ρe
(
LLρξ
)
10
eR
σ7
Λ8
+ h(L)ρµ
(
LLρξ
)
12
µR
σ4
Λ5
+ h(L)ρτ
(
LLρξ
)
11
τR
σ2
Λ3
+h(L)χ
(
LLχNR
)
10
+
1
2
h1N
(
NRN
C
R
)
3
ξ + h2N
(
NRN
C
R
)
3
S
+hρεabc
(
L
a
L
(
LCL
)b)
3
(ρ∗)c
ζ
Λ
+H.c, (13)
where y
(U,D)
ij (i, j = 1, 2, 3), h
(L)
ρe , h
(L)
ρµ , h
(L)
ρτ , h
(L)
χ , h1N , h2N and hρ are O(1) dimensionless couplings.
In the following we explain the role each discrete group factors of our model. The T7 and Z3 discrete groups
reduce the number of the SU(3)C ⊗ SU(3)L ⊗ U(1)X model parameters. This allow us to get predictive and viable
textures for the fermion sector that successfully describe the prevailing pattern of fermion masses and mixings, as
we will show in sections III and IV. We use T7 since it is the minimal non-Abelian discrete group having a complex
triplet [10], where the three fermion generations can be naturally unified. The Z3 symmetry determines the allowed
entries of the neutrino mass matrix. Furthermore, the Z3 symmetry distinguishes the right handed exotic quaks,
5being neutral under Z3 from the right handed SM quarks, charged under this symmetry. This results in the absence
of mixing between SM quarks and exotic quarks. Consequently, the Z3 symmetry is crucial for decoupling the SM
quarks from the exotic quarks. The Z2 symmetry separates the right handed SM down type quarks, odd under
this symmetry, from the SM up type quarks, even under Z2. Consequently, the Z2 symmetry is responsible for the
mass hierarchy between SM up and SM down type quarks. Note that the SU(3)L scalar singlet τ , the only T7
non trivial singlet and Z2 odd scalar, only appears in the SM down type quark Yukawa terms. The Z14 symmetry
generates the hierarchy among charged fermion masses and quark mixing angles that yields the observed charged
fermion mass and quark mixing pattern. Furthermore, it is noteworthy that the five dimensional Yukawa operators
1
Λ
(
LLρξ
)
10
eR,
1
Λ
(
LLρξ
)
12
µR and
1
Λ
(
LLρξ
)
11
τR are invariant under T7 but not under the Z14 symmetry, because
the right handed charged leptons are Z14 charged. We use Z14 because it is the smallest lowest cyclic symmetry,
that allows to build a twelve dimensional charged lepton Yukawa term, from a σ
7
Λ7 insertion on the
1
Λ
(
LLρξ
)
10
eR
operator. That aforementioned twelve dimensional charged lepton Yukawa term is crucial to explain the smallness of
the electron mass, without tuning its corresponding Yukawa coupling.
To get a predictive model that successfully accounts for fermion masses and mixings, we assume that the SU(3)L
singlet scalars have the following VEV pattern:
〈σ〉 = vσeiφ, 〈τ〉 = vτ , 〈ξ〉 = vξ√
3
(1, 1, 1) , 〈ζ〉 = vζ√
2
(1, 0, 1) , 〈S〉 = vS√
3
(1, 1,−1) . (14)
We justify this choice of directions in the T7 space by the observation that they describe a natural solution of the scalar
potential minimization equations. Indeed, in the single-field case, T7 invariance readily favors the (1, 1, 1) direction
over e.g. the (1, 0, 0) solution for large regions of parameter space. The vacuum 〈ξ〉 is a configuration that preserves
a Z3 subgroup of T7, which has been extensively studied by many authors, (see for example Ref [35]). In the next
subsection, we consider the minimization conditions of the high energy scalar potential (17) of our model, and show
that our chosen VEV directions for the two T7 triplets, i.e., ξ, S and the T7 antitriplet ζ scalars in Eq. (14), are
consistent with a global minimum of this scalar potential.
Besides that, the SU(3)L scalar singlets are assumed to acquire vacuum expectation values at a very high energy
Λint ≫ vχ ≈ O(1) TeV, excepting ζj (j = 1, 2, 3), whose vacuum expectation value is much lower than the scale of
electroweak symmetry breaking v = 246 GeV. Let’s note that at the scale Λint, the SU(3)C ⊗SU(3)L⊗U(1)X ⊗T7⊗
Z2 ⊗ Z3 ⊗ Z14 symmetry is broken to SU(3)C ⊗ SU(3)L ⊗ U(1)X by the vacuum expectation values of the SU(3)L
singlet scalar fields ξj , Sj , σ and τ .
Considering that the charged fermion mass and quark mixing pattern arises from the Z2 ⊗ Z3 ⊗ Z14 symmetry
breaking, we set the VEVs of the SU(3)L singlet scalars S, ξ, σ and τ , as follows:
vS ∼ vξ = vσ = vτ = Λint = λΛ, (15)
being λ = 0.225 one of the Wolfenstein parameters and Λ our model cutoff. Consequently, the VEVs of the scalars in
our model have the following hierarchy:
vζ << vρ ∼ vη ∼ v << vχ << Λint. (16)
Thus, the SU(3)L scalar singlets having Yukawa interactions with the right handed Majorana neutrinos get VEVs at
very high scale, then providing very large masses to these Majorana neutrinos, and thus giving rise to a double seesaw
mechanism of active neutrino masses. Consequently, the neutrino spectrum includes very light active neutrinos as
well as heavy and very heavy sterile neutrinos. As we will shown in detail in the next section, the smallness of the
active neutrino masses is attributed to their scaling with inverse powers of the high energy cutoff Λ as well as by their
quadratic dependence on the very small VEV of the Z2 ⊗ Z3 ⊗ Z14 neutral, SU(3)L singlet and T7 antitriplet scalar
field ζ.
B. High energy scalar potential
As previously mentioned, all singlet scalars, excepting ζj (j = 1, 2, 3), acquire vaccum expectation values, much larger
than vχ, which implies that the singlet scalars are very heavy and thus the mixing between these scalar singlets and
the SU (3)L scalar triplets can be neglected as done in Ref. [30]. For simplicity we assume a CP invariant scalar
potential with only real couplings as done in Refs. [15, 29, 30, 42]. The high energy scalar potential which involves
only the SU (3)L singlet slcalars is given by:
6V1 = µ
2
ξ (ξξ
∗)
10
+ µ2S (SS
∗)
10
+ µ2ζ (ζζ
∗)
10
+ µ2σ (σσ
∗) + µ2τ (ττ
∗)
+ [C1 (ξξ
∗)
3
ζ + C2 (SS
∗)
3
ζ + C3 (ξS)3 ζ + C4 (ξζ)3 ξ
∗ + C5 (Sζ)3 S
∗ + C6 (ξ
∗ζ)
3
ξ
+ C7 (S
∗ζ)
3
S + C8 (ξζ)3 S + C9 (Sζ)3 ξ + C10 (ζζ)3 ζ + C11 (ζζ)3 ζ
∗ + C10 (ζζ
∗)
3
ζ
+ C15 (ζζ
∗)
3
ζ∗ + C12 (ξS)3 ζ
∗ + C13 (ξ
∗ζ)
3
S∗ + C14 (S∗ζ)3 ξ
∗ +H.c] + κ1 (ξξ
∗)
10
(ξξ∗)
10
+κ2 (ξξ
∗)
11
(ξξ∗)
12
+ κ3 (ξξ
∗)
3
(ξξ∗)
3
+ κ4 (SS
∗)
10
(SS∗)
10
+ κ5 (SS
∗)
11
(SS∗)
12
+κ6 (SS
∗)
3
(SS∗)
3
+ κ7 (ζζ
∗)
10
(ζζ∗)
10
+ κ8 (ζζ
∗)
11
(ζζ∗)
12
+ κ9 (ζζ
∗)
3
(ζζ∗)
3
+ [κ10 (ζζ)3 (ζζ)3 + γ75 (ξS)3 (ξS)3 + γ1 (ξξ)3 (SS)3 + γ2 (SS)3 (ξξ)3 +H.c]
+γ3 (ξξ
∗)
10
(SS∗)
10
+ γ4 (ξξ
∗)
11
(SS∗)
12
+ γ5 (ξξ
∗)
12
(SS∗)
11
+ γ6 (ξξ
∗)
3
(SS∗)
3
+γ7 (ξξ
∗)
3
(SS∗)
3
+ [γ14 (ζζ)3 (SS)3 + γ15 (ζζ)3 (ξξ)3 +H.c] + γ8 (ξS
∗)
10
(Sξ∗)
10
+γ9 (ξS
∗)
11
(Sξ∗)
12
+ γ11 (ξS
∗)
12
(Sξ∗)
11
+ γ12 (ξS)3 (ξ
∗S∗)
3
+ γ13 (ξ
∗S∗)
3
(ξS)
3
+γ17 (ξS
∗)
3
(ξ∗S)
3
+ γ18 (ξ
∗S)
3
(ξS∗)
3
+ γ19 (ξξ
∗)
10
(ζζ∗)
10
+ γ20 (ξξ
∗)
11
(ζζ∗)
12
+γ21 (ξξ
∗)
12
(ζζ∗)
11
+ γ23 (ξξ
∗)
3
(ζζ∗)
3
+ γ24 (ζζ
∗)
3
(ξξ∗)
3
+ [γ25 (ξξ
∗)
3
(ζζ)
3
+ γ26 (ζζ)3 (ξξ
∗)
3
+H.c] + γ30 (ξζ)3 (ξ
∗ζ∗)
3
+γ27 (ξζ)10 (ξ
∗ζ∗)
10
+ γ28 (ξζ)11 (ξ
∗ζ∗)
12
+ γ29 (ξζ)12 (ξ
∗ζ∗)
11
+γ31 (ξ
∗ζ∗)
3
(ξζ)
3
+ [γ32 (ξζ)3 (ξ
∗ζ)
3
+ γ33 (ξ
∗ζ)
3
(ξζ)
3
+H.c]
+γ34 (SS
∗)
10
(ζζ∗)
10
+ γ35 (SS
∗)
11
(ζζ∗)
12
+ γ36 (SS
∗)
12
(ζζ∗)
11
+ γ37 (SS
∗)
3
(ζζ∗)
3
+γ38 (ζζ
∗)
3
(SS∗)
3
+ [γ39 (SS
∗)
3
(ζζ)
3
+ γ40 (ζζ)3 (SS
∗)
3
+H.c] + γ44 (Sζ)3 (S
∗ζ∗)
3
+γ41 (Sζ)10 (S
∗ζ∗)
10
+ γ42 (Sζ)11 (S
∗ζ∗)
12
+ γ43 (Sζ)12 (S
∗ζ∗)
11
+ γ45 (S
∗ζ∗)
3
(Sζ)
3
+ [γ49 (ξS)3 (ζζ
∗)
3
+ γ50 (ζζ
∗)
3
(ξS)
3
+ γ51 (ξS)3 (ζζ)3 + γ52 (ζζ)3 (ξS)3 +H.c]
+
[
γ53 (ξζ)10 (Sζ)10 + γ54 (ξζ)11 (Sζ)12 + γ55 (ξζ)12 (Sζ)11
+ γ56 (ξζ)3 (Sζ)3 + γ57 (Sζ)3 (ξζ)3 +H.c] + γ66 (ζζ
∗)
10
(σσ∗) + γ16 (ζζ
∗)
10
(σσ∗)
+γ58 (ξξ
∗)
10
(σσ∗) + γ59 (SS
∗)
10
(σσ∗) + γ16 (ζζ
∗)
11
ζ2 + γ67 (ζζ
∗)
12
ζ∗2
+γ61 (ξξ
∗)
10
(ττ∗) + γ62 (SS
∗)
10
(ττ∗) + γ68 (σσ
∗)2 + γ69 (ττ
∗)2 + γ70 (σσ
∗) (ττ∗)
+γ71 (ξξ
∗)
11
τ2 + γ72 (ξξ
∗)
12
τ∗2 + γ73 (SS
∗)
11
τ2 + γ74 (SS
∗)
12
τ∗2 (17)
Now we are going to determine the conditions under which the VEV pattern for the SU(3)L singlet scalars, given in
Eq. (14), is a solution of the high energy scalar potential. In view of the very large number of parameters of the high
energy scalar potential, in order to simplify the analysis, we assume universality in its trilinear and quartic couplings,
i.e.
κi = γj = κ, i = (1− 10), j = (1− 75),
Ck = C, k = (1 − 15) (18)
Then, from the minimization conditions of the scalar potential and taking into account our assumption that vζj
(j = 1, 2, 3) are much lower than the electroweak symmetry breaking scale v = 246 GeV, the following relations are
7obtained:
∂ 〈V1〉
∂vξ1
= 8κv3ξ1 + 4κv
3
ξ2
+ 2vξ1µ
2
ξ + 2κvξ1
(
v2ξ2 + v
2
ξ3
)
+ 12κv2ξ1vξ3 + 2κvξ1v
2
ξ2
+ 2κv2S1
(
7vξ1 + 3vξ3
)
+2κv2S2
(
2vξ1 + 3vξ3
)
+ 4κv2S3vξ1 + 2κ
(
v2σ + 3v
2
τ
)
vξ1 + 4κvS1
(
vξ2vS2 + vξ3vS3 + 3vξ1vS3
)
= 0,
∂ 〈V1〉
∂vξ2
= 8κv3ξ2 + 4κv
3
ξ3
+ 2vξ2µ
2
ξ + 2κvξ2
(
v2ξ1 + v
2
ξ3
)
+ 12κv2ξ2vξ1 + 2κvξ2v
2
ξ3
+ 2κv2S2
(
7vξ2 + 3vξ1
)
+2κv2S3
(
2vξ2 + 3vξ3
)
+ 4κv2S1vξ2 + 2κv
2
σvξ2 + 4κvS2
(
vξ1vS1 + vξ3vS3 + 3vξ2vS1
)
= 0,
∂ 〈V1〉
∂vξ3
= 8κv3ξ3 + 4κv
3
ξ1
+ 2vξ3µ
2
ξ + 2κvξ3
(
v2ξ1 + v
2
ξ2
)
+ 12κv2ξ3vξ2 + 2κvξ3v
2
ξ2
+ 2κv2S3
(
7vξ3 + 3vξ2
)
+2κv2S1
(
2vξ3 + 3vξ1
)
+ 4κv2S2vξ3 + 2κv
2
σvξ3 + 4κvS3
(
vξ2vS2 + vξ1vS1 + 3vξ3vS2
)
= 0, (19)
∂ 〈V1〉
∂vS1
= 8κv3S1 + 4κv
3
S2 + 2vS1µ
2
ξ + 2κvS1
(
v2S2 + v
2
S3
)
+ 12κv2S1vS3 + 2κvS1v
2
S2 + 2κv
2
ξ1
(7vS1 + 3vS3)
+2κv2ξ2 (2vS1 + 3vS3) + 4κv
2
ξ3
vS1 + 2κ
(
v2σ + 3v
2
τ
)
vS1 + 4κvξ1
(
vS2vξ2 + vS3vξ3 + 3vS1vξ3
)
= 0,
∂ 〈V1〉
∂vS2
= 8κv3S2 + 4κv
3
S3 + 2vS2µ
2
ξ + 2κvS2
(
v2S1 + v
2
S3
)
+ 12κv2S2vS1 + 2κvS2v
2
S3 + 2κv
2
ξ2
(7vS2 + 3vS1)
+2κv2ξ3 (2vS2 + 3vS3) + 4κv
2
ξ1
vS2 + 2κv
2
σvS2 + 4κvξ2
(
vS1vξ1 + vS3vξ3 + 3vS2vξ1
)
= 0,
∂ 〈V1〉
∂vS3
= 8κv3S3 + 4κv
3
S1 + 2vS3µ
2
ξ + 2κvS3
(
v2S1 + v
2
S2
)
+ 12κv2S3vS2 + 2κvS3v
2
S2 + 2κv
2
ξ3
(7vS3 + 3vS2)
+2κv2ξ1 (2vS3 + 3vS1) + 4κv
2
ξ2
vS3 + 2κv
2
σvS3 + 4κvξ3
(
vS2vξ2 + vS1vξ1 + 3vS3vξ2
)
= 0, (20)
∂ 〈V1〉
∂vζ1
= 6C
[
vξ1vξ2 + vS1vS2 + 2
(
vξ3vS2 + vξ2vS3
)
+ vξ3vS3
]
+ 2µ2ζvζ1 = 0,
∂ 〈V1〉
∂vζ2
= 6C
[
vξ2vξ3 + vS2vS3+2
(
vξ3vS1 + vξ1vS3
)
+vξ1vS1
]
+ 2µ2ζvζ2 = 0,
∂ 〈V1〉
∂vζ3
= 6C
[
vξ1vξ3 + vS1vS3 + 2
(
vξ2vS1 + vξ1vS2
)
+vξ2vS2
]
+ 2µ2ζvζ3 = 0, (21)
∂ 〈V1〉
∂vσ
= 2vσ
[
µ2σ + κ
(
v2ξ1 + v
2
ξ2
+ v2ξ3 + v
2
S1 + v
2
S2 + v
2
S3 + 2v
2
σ + v
2
τ
)]
= 0,
∂ 〈V1〉
∂vτ
= 2vτ
[
µ2τ + κ
(
3v2ξ1 + 3v
2
S1 + v
2
σ + 2v
2
τ
)]
= 0. (22)
From the expressions given above, and using the vacuum configuration for the SU(3)L singlet scalars given in Eq.
(14), we find the following relations:
µ2ξ = −
1
9
κ
(
60v2ξ + 41v
2
S
)
, µ2S = −
1
9
κ
(
59v2ξ + 10v
2
S
)
,
µ2ζ = −
√
2Cvξ
vζ
(vξ + vS) , µ
2
σ = µ
2
τ = −κ
(
4v2ξ + v
2
S
)
,
2v2ξ − 2v2S + vξvS = 0. (23)
8Taking the positive solution of the previous equation, we find:
vS =
1 +
√
5
4
vξ ≃ 0.81vξ, (24)
which is consistent with our previous assumption described by Eq. (15). Our results show that the VEV directions
for the two T7 triplets, i.e., ξ, S and the T7 antitriplet ζ scalars in Eq. (14), are consistent with a global minimum of
the high scalar potential (17) of our model, for a not fine-tuned region of parameter space.
C. Low energy scalar potential
The renormalizable low energy scalar potential of the model takes the form:
VH = µ
2
χ(χ
†χ) + µ2η(η
†η) + µ2ρ(ρ
†ρ) + f
(
χiηjρkε
ijk +H.c.
)
+ λ1(χ
†χ)(χ†χ)
+λ2(ρ
†ρ)(ρ†ρ) + λ3(η†η)(η†η) + λ4(χ†χ)(ρ†ρ) + λ5(χ†χ)(η†η)
+λ6(ρ
†ρ)(η†η) + λ7(χ†η)(η†χ) + λ8(χ†ρ)(ρ†χ) + λ9(ρ†η)(η†ρ). (25)
After the symmetry breaking, it is found that the scalar mass eigenstates are connected with the weak scalar states
by the following relations: [14, 15]:(
G±1
H±1
)
= RβT
(
ρ±1
η±2
)
,
(
G01
A01
)
= RβT
(
ζρ
ζη
)
,
(
H01
h0
)
= RαT
(
ξρ
ξη
)
, (26)(
G02
H02
)
= R
(
χ01
η03
)
,
(
G03
H03
)
= R
(
ζχ
ξχ
)
,
(
G±2
H±2
)
= R
(
χ±2
ρ±3
)
, (27)
with
RαT (βT ) =
(
cosαT (βT ) sinαT (βT )
− sinαT (βT ) cosαT (βT )
)
, R =
( −1 0
0 1
)
, (28)
where tanβT = vη/vρ, and tan 2αT =M1/(M2 −M3) with:
M1 = 4λ6vηvρ + 2
√
2fvχ,
M2 = 4λ2v
2
ρ −
√
2fvχ tanβT ,
M3 = 4λ3v
2
η −
√
2fvχ/ tanβT . (29)
The low energy physical scalar spectrum of our model includes: 4 massive charged Higgs (H±1 , H
±
2 ), one CP-odd Higgs
(A01), 3 neutral CP-even Higgs (h
0, H01 , H
0
3 ) and 2 neutral Higgs (H
0
2 , H
0
2) bosons. The scalar h
0 is identified with the
SM-like 126 GeV Higgs boson found at the LHC. It it noteworthy that the neutral Goldstone bosons G01, G
0
3, G
0
2 ,
G
0
2 are associated to the longitudinal components of the Z, Z
′, K0 and K
0
gauge bosons, respectively. Furthermore,
the charged Goldstone bosons G±1 and G
±
2 are associated to the longitudinal components of the W
± and K± gauge
bosons, respectively [12, 15].
III. LEPTON MASSES AND MIXINGS
From Eqs. (13), (14), (15) and using the product rules of the T7 group given in Appendix A, it follows that the mass
matrix for charged leptons is:
Ml = V
†
lLPldiag (me,mµ,mτ ) , VlL =
1√
3

 1 1 11 ω ω2
1 ω2 ω

 , Pl =

 e7iφ 0 00 e4iφ 0
0 0 e2iφ

 , ω = e 2pii3 , (30)
9where the charged lepton masses read:
me = h
(L)
ρe λ
8 vρ√
2
, mµ = h
(L)
ρµ λ
5 vρ√
2
, mτ = h
(L)
ρτ λ
3 vρ√
2
. (31)
Taking into account that vρ ≈ v = 246 GeV, it follows that the charged lepton masses are related with the electroweak
symmetry breaking scale by their scalings with powers of the Wolfenstein parameter λ = 0.225, with O(1) coefficients.
In the concerning to the neutrino sector, the following neutrino mass terms arise:
− L(ν)mass =
1
2
(
νCL νR NR
)
Mν

 νLνCR
NCR

+H.c, (32)
where the T7 discrete flavor group constrains the neutrino mass matrix to be of the form:
Mν =

 03×3 MD 03×3MTD 03×3 Mχ
03×3 MTχ MR

 , MD = hρvρvζ
2Λ

 0 1 0−1 0 −1
0 1 0

 , Mχ = h(L)χ vχ√
2

 1 0 00 1 0
0 0 1

 ,
MR = h1N
vξ√
3

 1 −x x−x 1 x
x x 1

 , x = h2NvS
h1Nvξ
. (33)
Since the SU(3)L singlet scalars having Yukawa interactions with the right handed Majorana neutrinos acquire VEVs
at very high scale, these Majorana neutrinos are very heavy, so that the active neutrinos get small masses via a double
seesaw mechanism.
The full rotation matrix, which diagonalizes the neutrino mass matrix, takes the approximate form [41]:
U =

 Vν B2Uχ 0−B†2Vν Uχ B1UR
0 B†1Uχ UR

 , (34)
where
B†1 =M
−1
R M
T
χ , B
†
2 =MD
(
MTχ
)−1
MRM
−1
χ , (35)
and the neutrino mass matrices for the physical states are:
M (1)ν = MD
(
MTχ
)−1
MRM
−1
χ M
T
D, (36)
M (2)ν = −MχM−1R MTχ , (37)
M (3)ν = MR, (38)
being M
(1)
ν the mass matrix for light active neutrinos, while M
(2)
ν and M
(3)
ν are the heavy and very heavy sterile
neutrino mass matrices, respectively. Consequently, the double seesaw mechanism gives rise to light active neutrinos
as well as to heavy and very heavy sterile neutrinos. Moreover, the neutrino mass matrices M
(1)
ν , M
(2)
ν and M
(3)
ν are
diagonalized by the rotation matrices Vν , UR and Uχ, respectively. [41].
Using Eq. (36), we find the following mass matrix for light active neutrinos:
M (1)ν =

 A 0 A0 B 0
A 0 A

 , (39)
where
A =
h1Nh
2
ρv
2
ρv
2
ζvξ
2
√
3h
(L)
χ v2χΛ
2
, B =
h2ρv
2
ρv
2
ζ√
3h
(L)
χ v2χΛ
2
(h1Nvξ + h2NvS) . (40)
From Eq. (39) it follows that the light active neutrino mass matrix only depends on two effective parameters: A and
B, which determine the neutrino mass squared splittings. Let’s note that A and B are supressed by their scaling with
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inverse powers of the high energy cutoff Λ. Furthermore, we have that the smallness of the active neutrino masses
arises from their scaling with inverse powers of the high energy cutoff Λ as well as from their quadratic dependence
on the very small VEV of the Z2⊗Z3⊗Z14 neutral, SU(3)L singlet and T7 antitriplet scalar field ζ. Considering that
the orders of magnitude of the SM particles and new physics yield the constraints vχ & 1 TeV and v
2
η + v
2
ρ = v
2 and
taking into account our assumption that the dimensionless lepton Yukawa couplings are O(1) parameters, from Eq.
(39) and the relations vξ = λΛ, vρ ∼ 100 GeV, vχ ∼ 1 TeV, we get that the mass scale for the light active neutrinos
satisfies mν ∼ 10−3 v
2
ζ
Λ . Consequently, setting vζ = 1 GeV, we find for the cutoff of our model the estimate
Λ ∼ 105 TeV, (41)
which is of the same order of magnitude of the cutoff of our S3 lepton flavor 331 model [29]. Consequenty, we find that
the heavy and very heavy sterile neutrinos have masses at the ∼ MeV and ∼ TeV scales, respectively. Furthermore,
from the aforementioned considerations, as well as from Eqs (15), (35) and (41), it follows that:∣∣∣(B2)ij ∣∣∣ ∼ vρvζvξv2χΛ ∼ 10−5 <<
∣∣∣(B1)ij ∣∣∣ ∼ vχvξ ∼ 10−3, i, j = 1, 2, 3, (42)
Moreover, we find that the mass matrix M
(1)
ν for light active neutrinos is diagonalized by a rotation matrix Vν , as
follows:
V Tν M
(1)
ν Vν =

 m1 0 00 m2 0
0 0 m3

 , with Vν =

 cos θ 0 sin θ0 1 0
− sin θ 0 cos θ

 , θ = ±pi
4
, (43)
where θ = +pi/4 and θ = −pi/4 correspond to normal (NH) and inverted (IH) mass hierarchies, respectively. The
masses for the light active neutrinos, in the cases of normal (NH) and inverted (IH) mass hierarchies, read:
NH : θ = +
pi
4
: mν1 = 0, mν2 = B, mν3 = 2A, (44)
IH : θ = −pi
4
: mν1 = 2A, mν2 = B, mν3 = 0. (45)
Besides that, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) leptonic mixing matrix has the following form:
U = V †lLPlVν =


e7iφ cos θ√
3
− e2iφ sin θ√
3
e4iφ√
3
e2iφ cos θ√
3
+ e
7iφ sin θ√
3
e7iφ cos θ√
3
− e2iφ+
2ipi
3 sin θ√
3
e4iφ−
2ipi
3√
3
e2iφ+
2ipi
3 cos θ√
3
+ e
7iφ sin θ√
3
e7iφ cos θ√
3
− e2iφ−
2ipi
3 sin θ√
3
e4iφ+
2ipi
3√
3
e2iφ−
2ipi
3 cos θ√
3
+ e
7iφ sin θ√
3


. (46)
Note that while the PMNS leptonic mixing matrix only depends on a single parameter φ (which arises from the
charged lepton mass matrix), the neutrino mass squared splittings are determined by two parameters, i.e., A and B.
Furthermore, we find that the lepton mixing angles are given by:
sin2 θ12 =
|Ue2|2
1− |Ue3|2
=
1
2∓ cos 5φ, (47)
sin2 θ13 = |Ue3|2 = 1
3
(1± cos 5φ), (48)
sin2 θ23 =
|Uµ3|2
1− |Ue3|2
=
1
2
±
√
3 sin 5φ)
4∓ 2 cos 5φ. (49)
Then, from Eq. (46), it follows that the limit φ = 0 and φ = pi for the inverted and normal neutrino mass hierarchies,
respectively, correspond to the trimaximal mixing, which predicts a vanishing reactor mixing angle. Let’s note that
the mixing angles for the lepton sector only depend on a single parameter (φ), while the neutrino mass squared
splittings are controlled by two parameters, i.e., A and B.
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The Jarlskog invariant and the CP violating phase are given by [6]:
J = Im
(
Ue1Uµ2U
∗
e2U
∗
µ1
)
= − 1
6
√
3
cos 2θ, sin δ =
8J
cos θ13 sin 2θ12 sin 2θ23 sin 2θ13
. (50)
From the relation θ = ±pi4 , we predict J = 0 and δ = 0, which implies a vanishing leptonic Dirac CP violating phase.
In the following the three free effective parameters φ, A and B of the SM lepton sector of our model are adjusted to
accommodate the experimental values of three leptonic mixing parameters and two neutrino mass squared splittings,
shown in Tables I, II, for the normal (NH) and inverted (IH) neutrino mass hierarchies, respectively. The parameter
φ is adjusted to reproduce the experimental values of the leptonic mixing parameters sin2 θij , whereas A and B for
the normal (NH) and inverted (IH) neutrino mass hierarchies read:
NH : mν1 = 0, mν2 = B =
√
∆m221 ≈ 9meV, mν3 = 2A =
√
∆m231 ≈ 50meV; (51)
IH : mν2 = B =
√
∆m221 +∆m
2
13 ≈ 50meV, mν1 = 2A =
√
∆m213 ≈ 49meV, mν3 = 0, (52)
which follows from Eqs. (45), (44) and the definition ∆m2ij = m
2
i −m2j . We take the best fit values of ∆m2ij from
Tables I and II for the normal and inverted neutrino mass hierarchies, respectively.
To reproduce the experimental values of the leptonic mixing parameters sin2 θij given in Tables I, II, we vary the
φ parameter, finding the following result:
NH : φ = 0.576 pi, sin2 θ12 ≈ 0.34, sin2 θ23 ≈ 0.61, sin2 θ13 ≈ 0.0232; (53)
IH : φ = 0.376pi, sin2 θ12 ≈ 0.34, sin2 θ23 ≈ 0.61, sin2 θ13 ≈ 0.0238. (54)
Consequently, we find that sin2 θ13 is in excellent agreement with the experimental data, for both normal and
inverted neutrino mass hierarchies, whereas sin2 θ12 and sin
2 θ23 stay in the experimentally allowed 2σ range. Thus,
our predictions for the neutrino mass squared splittings and leptonic mixing parameters, are in very good agreement
with the experimental data on neutrino oscillations, for both normal and inverted mass hierarchies. Furthermore,
another relevant prediction of our model is a vanishing leptonic Dirac CP violating phase.
Parameter ∆m221(10
−5eV2) ∆m231(10
−3eV2)
(
sin2 θ12
)
exp
(
sin2 θ23
)
exp
(
sin2 θ13
)
exp
Best fit 7.60 2.48 0.323 0.567 0.0234
1σ range 7.42 − 7.79 2.41− 2.53 0.307 − 0.339 0.439 − 0.599 0.0214 − 0.0254
2σ range 7.26 − 7.99 2.35− 2.59 0.292 − 0.357 0.413 − 0.623 0.0195 − 0.0274
3σ range 7.11 − 8.11 2.30− 2.65 0.278 − 0.375 0.392 − 0.643 0.0183 − 0.0297
Table I: Range for experimental values of neutrino mass squared splittings and leptonic mixing parameters, taken from Ref.
[25], for the case of normal hierarchy.
Parameter ∆m221(10
−5eV2) ∆m213(10
−3eV2)
(
sin2 θ12
)
exp
(
sin2 θ23
)
exp
(
sin2 θ13
)
exp
Best fit 7.60 2.38 0.323 0.573 0.0240
1σ range 7.42 − 7.79 2.32− 2.43 0.307 − 0.339 0.530 − 0.598 0.0221 − 0.0259
2σ range 7.26 − 7.99 2.26− 2.48 0.292 − 0.357 0.432 − 0.621 0.0202 − 0.0278
3σ range 7.11 − 8.11 2.20− 2.54 0.278 − 0.375 0.403 − 0.640 0.0183 − 0.0297
Table II: Range for experimental values of neutrino mass squared splittings and leptonic mixing parameters, taken from Ref.
[25], for the case of inverted hierarchy.
Now we determine the effective Majorana neutrino mass parameter, which is proportional to the neutrinoless double
beta (0νββ) decay amplitude. The effective Majorana neutrino mass parameter is given by:
mββ =
∣∣∣∣∣∣
∑
j
U2ekmνk
∣∣∣∣∣∣ , (55)
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where U2ej and mνk are the PMNS mixing matrix elements and the Majorana neutrino masses, respectively.
From Eqs. (46), (51), (52) and (55), we find that that the effective Majorana neutrino mass parameter, for both
Normal and Inverted hierarchies, takes the following values:
mββ =
{
3 meV for NH
40 meV for IH
(56)
Our obtained valuesmββ ≈ 3 meV andmββ ≈ 40 meV for the effective Majorana neutrino mass parameter, for normal
and inverted hierarchies, respectively, are beyond the reach of the present and forthcoming 0νββ decay experiments.
The current best upper bound on the effective neutrino mass ismββ ≤ 160 meV, which corresponds to T 0νββ1/2 (136Xe) ≥
1.6 × 1025 yr at 90% C.L, as indicated by the EXO-200 experiment [44]. This bound will be improved within a not
too far future. The GERDA “phase-II”experiment [45, 46] is expected to reach T 0νββ1/2 (
76Ge) ≥ 2× 1026 yr, which
corresponds to mββ ≤ 100 meV. A bolometric CUORE experiment, using 130Te [47], is currently under construction
and has an estimated sensitivity of about T 0νββ1/2 (
130Te) ∼ 1026 yr, which corresponds to mββ ≤ 50 meV. Furthermore,
there are proposals for ton-scale next-to-next generation 0νββ experiments with 136Xe [48, 49] and 76Ge [45, 50]
claiming sensitivities over T 0νββ1/2 ∼ 1027 yr, which corresponds to mββ ∼ 12 − 30 meV. For a recent review, see for
example Ref. [51]. Consequently, as follows from Eq. (56), our model predicts T 0νββ1/2 at the level of sensitivities of
the next generation or next-to-next generation 0νββ experiments.
Regarding the sterile neutrino sector, from Eqs. (37) and (38) we find that the sterile neutrino mass matrices are
given by:
M (2)ν = −
√
3
(
h
(L)
χ
)2
v2χ
2h1Nvξ

 X −Y Y−Y X Y
Y Y X

 , X = x− 1
2x2 + x− 1 , Y =
x
2x2 + x− 1 , (57)
M (3)ν = h1N
vξ√
3

 1 −x x−x 1 x
x x 1

 , x = h2NvS
h1Nvξ
. (58)
The sterile neutrino mass matrices M
(2)
ν and M
(3)
ν are diagonalized by a rotation matrix UR = Uχ, according to:
UTRM
(k)
ν UR =

 M
(κ)
1 0 0
0 M
(κ)
2 0
0 0 M
(κ)
3

 , UR = Uχ =


− 1√
3
− 1√
2
− 1√
6
− 1√
3
1√
2
− 1√
6
1√
3
0 −
√
2
3

 , k = 2, 3, (59)
where the sterile neutrino masses are given by:
M
(2)
1 =
∣∣∣∣∣∣∣
√
3
(
h
(L)
χ
)2
v2χ
2h1Nvξ
(X − 2Y )
∣∣∣∣∣∣∣ , M
(2)
2 =M
(2)
3 =
∣∣∣∣∣∣∣
√
3
(
h
(L)
χ
)2
v2χ
2h1Nvξ
(X + Y )
∣∣∣∣∣∣∣ , (60)
M
(3)
1 =
∣∣∣∣h1N vξ√3 (1− 2x)
∣∣∣∣ , M (3)2 =M (3)3 =
∣∣∣∣h1N vξ√3 (1 + x)
∣∣∣∣ , (61)
which implies that the heavy and very heavy sterile neutrino spectrum includes two degenerates heavy neutrino and
one light neutrino states.
Furthermore, as follows from Eq. (34) and the relation
∣∣∣(B2)ij∣∣∣ ∼ 10−5 << ∣∣∣(B1)ij∣∣∣ ∼ 10−3 (i, j = 1, 2, 3) given by
Eq. (42), we can connect the neutrino fields νL = (ν1L, ν2L, ν3L)
T
, νCR =
(
νC1R, ν
C
2R, ν
C
3R
)
and NCR =
(
NC1R, N
C
2R, N
C
3R
)
with the neutrino mass eigenstates by the following approximate relations:
 νLνCR
NCR

 ≃

 Vνξ
(1)
L
URξ
(2)
L +B1URξ
(3)
L
URξ
(3)
L −B†1URξ(2)L

 , ξ(j)L =

 ξ
(j)
1L
ξ
(j)
2L
ξ
(j)
3L

 , j = 1, 2, 3. (62)
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where ξ
(1)
kL , ξ
(2)
kL and ξ
(3)
kL (k = 1, 2, 3) are the light active, heavy sterile and very heavy sterile neutrinos, respectively.
As previously mentioned, the heavy sterile neutrinos have MeV scale masses and thus correspond to dark matter
candidates. Furthermore, we assume that the lightest of the very heavy sterile neutrinos, i.e., ξ
(3)
1L has a TeV scale
mass and thus corresponds to a candidate for detection at the LHC.
IV. QUARK MASSES AND MIXING.
From Eq. (12) and taking into account that the VEV pattern of the SU (3)L singlet scalar fields is described by Eq.
(14), with the nonvanishing VEVs set to be equal to λΛ (being Λ the cutoff of our model) as shown in Eq. (15), it
follows that the SM quark mass matrices have the form:
MU =

 a
(U)
11 λ
4 a
(U)
12 λ
3 a
(U)
13 λ
2
a
(U)
21 λ
3 a
(U)
22 λ
2 a
(U)
23 λ
a
(U)
31 λ
2 a
(U)
32 λ a
(U)
33

 v√
2
, MD =

 a
(D)
11 λ
7 a
(D)
12 λ
6 a
(D)
13 λ
5
a
(D)
21 λ
6 a
(D)
22 λ
5 a
(D)
23 λ
4
a
(D)
31 λ
5 a
(D)
32 λ
4 a
(U)
33 λ
3

 v√
2
, (63)
where λ = 0.225 is one of the Wolfenstein parameters, v = 246 GeV the scale of electroweak symmetry breaking and
a
(U,D)
ij (i, j = 1, 2, 3) are O(1) parameters given by the following relations:
a
(U)
nj = y
(U)
nj
vρ
v
ei(6−j−n)φ, a(U)3j = y
(U)
3j
vη
v
ei(3−j)φ,
a
(D)
nj = y
(D)
nj
vη
v
ei(6−j−n)φ, a(D)3j = y
(D)
3j
vρ
v
ei(3−j)φ, n = 1, 2, j = 1, 2, 3. (64)
Furthermore, the exotic quark masses read:
mT = y
(T ) vχ√
2
, mJ1 = y
(J)
1
vχ√
2
=
y
(J)
1
y(T )
mT , mJ2 = y
(J)
2
vχ√
2
=
y
(J)
2
y(T )
mT . (65)
Since the charged fermion mass and quark mixing pattern arises from the breaking of the Z2 ⊗ Z3 ⊗ Z14 discrete
group, we asssume an approximate universality in the dimensionless SM quark Yukawa couplings, as follows:
a
(U)
11 = a
(U)
1 e
iφ1 , a
(U)
22 = a
(U)
2 , a
(U)
33 = a
(U)
3 ,
a
(U)
12 = a
(U)
1
(
1− λ
2
2
)− 3
2
eiφ2 , a
(U)
13 = a
(U)
2
(
1− λ
2
2
)− 3
2
eiφ2 , a
(U)
23 =
∣∣∣a(U)13 ∣∣∣
(
1− λ
2
2
)− 3
2
,
a
(D)
11 = a
(D)
22
(
1− λ
2
2
)−2
, a
(D)
23 = a
(D)
33
(
1− λ
2
2
)− 1
2
, a
(U,D)
ij = a
(U,D)
ji , i, j = 1, 2, 3, (66)
It is noteworthy that exact universality in the dimensionless quark Yukawa couplings predicts massless up, down,
strange and charm quarks, in contradiction with the experimental data on quark masses. Consequently, to generate
these masses, the universality in the quark Yukawa couplings has to be broken. Besides that, for simplicity, we assume
that the complex phase responsible for CP violation in the quark sector only arises from up type quark Yukawa terms,
as indicated by Eq. (66). In addition, for the sake of simplicity, we fix a
(U)
3 = 1, which is suggested by naturalness
arguments. Therefore, the SM quark mass matrices are given by:
MU =


a
(U)
1 λ
4eiφ1 a
(U)
1
(
1− λ22
)− 3
2
λ3eiφ2 a
(U)
2
(
1− λ22
)− 3
2
λ2eiφ2
a
(U)
1
(
1− λ22
)− 3
2
λ3eiφ2 a
(U)
2 λ
2 a
(U)
2
(
1− λ22
)−3
λ
a
(U)
2
(
1− λ22
)− 3
2
λ2eiφ2 a
(U)
2
(
1− λ22
)−3
λ a
(U)
3


v√
2
, (67)
MD =


a
(D)
22
(
1− λ22
)−2
λ7 a
(D)
12 λ
6 a
(D)
13 λ
5
a
(D)
12 λ
6 a
(D)
22 λ
5 a
(D)
33
(
1− λ22
)− 1
2
λ4
a
(D)
13 λ
5 a
(D)
33
(
1− λ22
)− 1
2
λ4 a
(D)
33 λ
3


v√
2
(68)
14
Let’s recall that the quark sector has 10 effective parameters, i.e, λ, a
(U)
3 , a
(U)
1 , a
(U)
2 , a
(D)
22 , a
(D)
12 , a
(D)
13 , a
(D)
33 and the
phases φ1 and φ2 to describe the quark mass and mixing pattern, which is determined by 10 observables. Nevertheless,
not all these effective parameters are free since the parameters λ and a
(U)
3 are fixed while the remaining 8 parameters
are adjusted to reproduce the physical observables in the quark sector, i.e., 6 quark masses and 4 quark mixing
parameters. The results shown in Table III correspond to the following best-fit values:
a
(U)
1 ≃ 0.64, a(U)2 ≃ 0.77, φ1 ≃ −9.03◦, φ2 ≃ −4.53◦,
a
(D)
22 ≃ 2.03, a(D)12 ≃ 1.75, a(D)13 ≃ 1.15, a(D)33 ≃ 1.40. (69)
Observable Model value Experimental value
mu(MeV ) 1.59 1.45
+0.56
−0.45
mc(MeV ) 673 635± 86
mt(GeV ) 180 172.1 ± 0.6± 0.9
md(MeV ) 2.9 2.9
+0.5
−0.4
ms(MeV ) 59.7 57.7
+16.8
−15.7
mb(GeV ) 2.98 2.82
+0.09
−0.04∣
∣Vud
∣
∣ 0.975 0.97427 ± 0.00015
∣
∣Vus
∣
∣ 0.224 0.22534 ± 0.00065
∣
∣Vub
∣
∣ 0.0036 0.00351+0.00015−0.00014∣
∣Vcd
∣
∣ 0.224 0.22520 ± 0.00065
∣∣Vcs
∣∣ 0.9736 0.97344 ± 0.00016
∣∣Vcb
∣∣ 0.0433 0.0412+0.0011−0.0005∣
∣Vtd
∣
∣ 0.00853 0.00867+0.00029−0.00031∣
∣Vts
∣
∣ 0.0426 0.0404+0.0011−0.0005∣
∣Vtb
∣
∣ 0.999057 0.999146+0.000021−0.000046
J 2.98 × 10−5 (2.96+0.20−0.16)× 10
−5
δ 61◦ 68◦
Table III: Model and experimental values of the quark masses and CKM parameters.
The obtained and experimental values of the quark masses, CKM matrix elements, Jarlskog invariant J and CP
violating phase δ are reported in Table III. We use the experimental values of the quark masses at the MZ scale,
from Ref. [52] (which are similar to those in [53]), whereas we use the experimental values of the CKM parameters
from Ref. [6]. The obtained values of the quark masses and CKM parameters are in excellent agreement with the
experimental data, as indicated by Table III.
V. CONCLUSIONS
In this paper we present an extension of the minimal 331 model with β = − 1√
3
, based on the extended SU(3)C ⊗
SU(3)L⊗U(1)X⊗T7⊗Z2⊗Z3⊗Z14 symmetry. Our economical T7 flavor 331 model, which at low energies reduces to
the minimal 331 model with β = − 1√
3
, is compatible with the experimental data on fermion masses and mixing. The
model has in total 16 effective free parameters, which are fitted to reproduce the experimental values of the 18 physical
observables in the quark and lepton sectors. The T7 and Z3 symmetries reduce the number of model parameters.
In particular, the Z3 symmetry determines the allowed entries of the neutrino mass matrix and decouples the SM
quarks from the exotic quarks. The Z2 symmetry generates the hierarchy between SM up and SM down type quark
masses. We assumed that the SU(3)L scalar singlets having Yukawa interactions with the right handed Majorana
neutrinos acquire VEVs at very high scale, then providing very large masses to these Majorana neutrinos, and thus
giving rise to a double seesaw mechanism of active neutrino masses. Consequently, the neutrino spectrum includes
very light active neutrinos as well as heavy and very heavy sterile neutrinos. We find that the heavy and very heavy
sterile neutrinos have masses at the ∼ MeV and ∼ TeV scales, respectively. Thus, the MeV scale sterile neutrinos of
our model correspond to dark matter candidates. The smallness of the active neutrino masses is attributed to their
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scaling with inverse powers of the high energy cutoff Λ as well as well as by their quadratic dependence on the very
small VEV of the Z2 ⊗ Z3 ⊗ Z14 neutral, SU(3)L singlet and T7 antitriplet scalar field ζ. The observed hierarchy of
charged fermion masses and quark mixing matrix elements arises from the breaking of the Z2⊗Z3⊗Z14 discrete group
at a very high energy. The tau, muon and electron masses arise from effective seven, nine and twelve dimensional
Yukawa operators, respectively. We find for the scale of these operators the estimate Λ ∼ 105 TeV. The complex phase
responsible for CP violation in the quark sector has been assumed to come from up-type quark Yukawa terms. The
model predicts an effective Majorana neutrino mass, relevant for neutrinoless double beta decay, with values mββ =
3 and 40 meV, for the normal and the inverted neutrino spectrum, respectively. In the latter case our prediction
is within the declared reach of the next generation bolometric CUORE experiment [47] or, more realistically, of the
next-to-next generation tone-scale 0νββ-decay experiments. Furthermore, a vanishing leptonic Dirac CP violating
phase is predicted in our model.
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Appendix A: The product rules for T7
The group T7, which is a subgroup of SU(3) and ∆(3N
2) with N = 7, has 21 elements, is isomorphic to Z7 ⋊ Z3
and contains five irreducible representations, i.e., one triplet 3, one antitriplet 3¯ and three singlets 10, 11 and 12 [10].
The discrete group T7 is the minimal non-Abelian discrete group having a complex triplet. The triplet and antitriplet
irreducible representations are defined as [10]:
3 ≡

 x1x2
x4

 , 3¯ ≡

 x−1x−2
x−4

 =

 x6x5
x3

 . (A1)
The product rules for triplet and antitriplet tensor irreducible representations are given by:
 x1x2
x4


3
⊗

 y1y2
y4


3
=

 x2y4x4y1
x1y2


3¯
⊕

 x4y2x1y4
x2y1


3¯
⊕

 x4y4x1y1
x2y2


3
, (A2)

 x6x5
x3


3¯
⊗

 y6y5
y3


3¯
=

 x5y3x3y6
x6y5


3
⊕

 x3y5x6y3
x5y6


3
⊕

 x3y3x6y6
x5y5


3¯
, (A3)

 x1x2
x4


3
⊗

 y6y5
y3


3¯
=

 x2y6x4y5
x1y3


3
⊕

 x1y5x2y3
x4y6


3¯
⊕
∑
k=0,1,2
(x1y6 + ω
kx2y5 + ω
2kx4y3)1k . (A4)
Whereas the tensor products between singlets are:
(x)10(y)10 = (x)11(y)12 = (x)12(y)11 = (xy)10 ,
(x)11(y)11 = (xy)12 ,
(x)12(y)12 = (xy)11 . (A5)
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The product rules between triplets and singlets satisfy the relations:
(y)1k ⊗

 x1(6)x2(5)
x4(3)


3(3¯)
=

 yx1(6)yx2(5)
yx4(3)


3(3¯)
. (A6)
where ω = ei
2pi
3 . The representation 10 is trivial, while the non-trivial 11 and 12 are complex conjugate to each other.
Some reviews of discrete symmetries in particle physics are found in Refs. [8–10, 54].
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